STABILITY AND INSTABILITY OF WEIGHTED 
COMPOSITION OPERATORS 



JESUS ARAUJO AND JUAN J. FONT 

Abstract. Let e > 0. A continuous linear operator T : C{X) — > 
C{Y) is said to be e-disjointness preserving if \\{Tf){Tg)\\^ < e, 
whenever f,g € C{X) satisfy ||/||^ = = 1 and fg = 0. In 

this paper we address basically two main questions: 

1 . - How close there must be a weighted composition operator to 
a given e-disjointness preserving operator? 

2. - How far can the set of weighted composition operators be 
from a given e-disjointness preserving operator? 

We address these two questions distinguishing among three cases: 
X infinite, X finite, and Y a singleton (e-disjointness preserving 
functionals). 

We provide sharp stability and instability bounds for the three 
cases. 



1. Introduction 

Suppose that a mathematical object satisfies a certain property ap- 
proximately. Is it then possible to approximate this object by objects 
that satisfy the property exactly? This stability problem appears in 
almost all branches of mathematical analysis and is of particular in- 
terest in probability theory and in the realm of functional equations. 
Within this context, considerable attention has been mainly given to 
approximately multiplicative maps (see [11], [12], [8], and [15]) and to 
approximate isometries (see [5], [6], [2], and [7|). 

Recently, G. Dolinar ([3]) treated a more general problem of stability 
concerning a kind of operators which "almost" preserves the disjoint- 
ness of cozero sets (see Definition II. 2p . 
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We need some notation. Let K denote the field of real or complex 
numbers. Topological spaces X and Y are assumed to be compact and 
Hausdorff. Also C{X) stands for the Banach space of all K- valued 
continuous functions defined on X, equipped with its usual supremum 
norm. 

Definition 1.1. An operator S : C{X) — > ^{X) is said to be a 
weighted composition map if there exist a G C{Y) and a map h : Y — >■ 
X, continuous on c(a) := {y G F : a{y) ^ 0}, such that 

{Sf){y) = a{y)f{h{y)) 

for every / G C{X) and y eY . 

Obviously every weighted composition map is linear and continuous. 
We also include the case that 5 = as a weighted composition map 
(being c(a) = 0). 

Recall that a linear operator T : C{X) — > C{Y) is said to be dis- 
jointness preserving (or separating) if, given j\g E C{X), fg = yields 
(Tf)(Tg) = 0. Clearly every weighted composition map is disjointness 
preserving. Reciprocally, it is well known that if a disjointness preserv- 
ing operator is continuous, then it is a weighted composition. On the 
other hand, automatic continuity of disjointness preserving operators 
can be obtained sometimes (see for instance [1], P, [1], PH])). 

Definition 1.2. Let e > 0. A continuous linear operator T : C{X) — > 
C{Y) is said to be e- disjointness preserving if ||(T/)(T5f)||^ < e, when- 
ever f,g e C{X) satisfy ||/||^ = \\g\\^ = 1 &nd fg = (or, equiva- 
lently, if \\{Tf){Tg)\\^ < e ML whenever fg ^ 0). 

Obviously the study of e-disjointness preserving operators can be 
restricted to those of norm 1, because if T 7^ is e-disjointness pre- 
serving, then T/ ||T|| is e/ ||T||^-disjointness preserving. On the other 
hand, every such T has the trivial weighted composition map S" = at 
distance 1. That is, giving any bound equal to or bigger than 1 does 
not provide any information on the problem. Apart from this, it can 
be easily checked that every continuous linear functional on C{X) of 
norm 1 is 1/4-disjointness preserving and, consequently, every contin- 
uous linear map T : C{X) — > C{Y) with ||T|| = 1 is 1/4-disjointness 
preserving. Thus, if we consider again the trivial weighted composition 
map S = 0, then ||T — S\\ = 1. We conclude that our study can be 
restricted to e belonging to the interval (0, 1/4). 

In [3] the author, following the above stability questions, studies 
when an e-disjointness preserving operator is close to a weighted com- 
position map. The main result in [3] reads as follows: Let e > 
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and let T : C{X) — > C{Y) be an e-disjointness preserving opera- 
tor with ||T|| = 1. Then there exists a weighted composition map 
S : C{X) — > C{Y) such that 

\\T-S\\ < 20^6. 

In view of the above comments we conclude that Dolinar's result is 
meaningful only for e G (0, 1/400). 

Apart from the general case, Dolinar also concentrates on the study 
of linear and continuous functionals, where the bound given is 3^/e (see 
[31 Theorem 1]). 

On the other hand, notice that when X has just one point, we are 
in a situation of "extreme stability", because every continuous lin- 
ear operator is a weighted composition map. But in general, given 
an e-disjointness preserving operator, we do not necessarily have a 
weighted composition map arbitrarily close. Instability questions deal 
with bounds of how far apart an e-disjointness preserving operator can 
be from all weighted composition maps. 

In the present paper we improve Dolinar's result by showing, under 
necessary restrictions on e, that a weighted composition map is indeed 
much closer. If fact we address the following two questions. Given any 
e-disjointness preserving operator, 

(1) Stability. How close there must be a weighted composition 
map? That is, find the shortest distance at which we can be 
certain that there exists a weighted composition map. 

(2) Instability. How far the set of all weighted composition maps 
can be? That is, find the longest distance at which we cannot 
be certain that there exists a weighted composition map. 

How CLOSE. We prove that, for every e < 2/17, the number ^JVlepl 
is a bound valid for every X and Y (Theorem 12. ip . It is indeed the 
smallest in every case, as we give an example such that, for every 
e < 2/17, no number strictly less than ^17e/2 satisfies it (Example 

The question appears to be very related to the following: Find the 
biggest set I C (0, 1/4) such that every e G I has the following property: 
Given an e-disjointness preserving operator T : C{X) — > C{Y) with 
\\T\\ = 1, there exists a weighted composition map S : C{X) — > C(Y) 
such that \\T - S\\ < 1. We prove that I = (0, 2/17) (Theorem O and 
Example El- 
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We will also study the particular case when X is finite. Here the 
bound, which can be given for every e < 1/4 and every Y, is the 
number 2^/e, and is sharp (Theorem 14.31 and Example 112.11) . 

How FAR. Of course, an answer valid for every case would be trivial, 
because if we take X with just one point, then every continuous linear 
operator is a weighted composition map, so the best bound is just 0. 
If we avoid this trivial case and require X to have at least two points, 
then we can see that again the problem turns out to be trivial since 
the best bound is now attained for sets with two points. The same 
happens if we require the set X to have at least k points. 

In general, it can be seen that the answer does not depend on the 
topological features of the spaces but on their cardinalities. If we as- 
sume that Y has at least two points, then the number 2^/e is a valid 
bound if X is infinite (Theorem 13. ip . and a different value plays the 
same role for each finite set X (Theorem 14.11) . 

We also prove that these estimates are sharp in every case (Theo- 
rems |3l2] and |4]2]) . But here, instead of providing a concrete counterex- 
ample, we can show that the bounds are best for a general family of 
spaces Y, namely, whenever Y consists of the Stone-Cech compactifi- 
cation of any discrete space. 

On the other hand, unlike the previous question, the answer can be 
given for every e < 1/4. 

The case of continuous linear functionals. The context 
when Y has just one point, that is, the case of continuous linear func- 
tionals, deserves to be studied separately. We do this in Sections [6] 
and [71 In fact some results given in this case will be tools for a more 
general study. Various situations appear in this context, depending on 
e. Namely, if e < 1/4, then the results depend on an suitable splitting 
of the interval (0, 1/4) (based on the sequence (un) defined below), as 
well as on the cardinality of X (Theorem 15. ip . 

Also, as we mentioned above, when X has just one point, every 
element of C{Xy is a weighted composition map, that is, a scalar 
multiple of the evaluation functional S^- We will see that a related 
phenomenon sometimes arises when X is finite (see Remark 15. ip . 

In every case our results are sharp. 

Notation. Throughout IK = M or C. X and Y will be (nonempty) 
compact Hausdorff spaces. To avoid the trivial case, we will always 
assume that X has at least two points. In a Banach space E, for e & E 
and r > 0, B{e,r) and B{e,r) denote the open and the closed balls of 
center e and radius r, respectively. 
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Spaces and functions. Given any compact Hausdorff space Z, we 
denote by cardZ its cardinal. C{Z) will be the Banach space of all De- 
valued continuous functions on Z, endowed with the sup norm \\-\\^. 
C{Zy will denote the space of linear and continuous functionals defined 
on C{Z). If a G K, we denote by a the constant function equal to a on 
Z. In the special case of the constant function equal to 1, we denote it 
by 1. For / G C(Z'), < / < 1 means that f{x) G [0, 1] for every x G 
Z. Given / G C{Z), we will consider that c(/) = {x E Z : f{x) ^ 0} 
is its cozero set, and supp(/) its support. Finally, ii A G Z, we denote 
by clA the closure of A in Z, and by C,a the characteristic function of 
A. 

Continuous linear functionals and measures: X^, \X\, 6x- For if G 
C(Xy, we will write to denote the measure which represents it. For 
a regular measure A, we will denote by |A| its total variation. Finally, for 
X G X, 5^ will be the evaluation functional at x, that is, Sx{f) '■= f{x) 
for every / G C{X). 

The linear functionals Ty and the sets Y^. Suppose that T : C{X) — > 
C{Y) is linear and continuous. Then, for each y G y, we define a con- 
tinuous linear functional Ty as Ty{f) := {T f){y) for every / G C{X). 
Also, for each r G M we define := {y & Y : ||Ty|| > r}, which is an 
open set. It is clear that, if ||T|| = 1, then Y^ is nonempty for each 
r < 1. 

The sets of operators. We denote by e — DP (X, Y) the set of 
all e-disjointness preserving operators from C{X) to C(y), and by 
WCM (X, Y) the set of all weighted composition maps from C{X) to 
C{Y). When Y has just one point, then e-DP (X, Y) and WCM (X, Y) 
may be viewed as subspaces of C(X)'. In this case, we will use the no- 
tation e - DP (X, K) and WCM (X, K) instead of e - DP (X, Y) and 
WCM (X, F), respectively. That is, e - DP (X, K) is the space of all 
V? G C{X)' which satisfy |v2(/)| \v{g)\ < e whenever f,g E C(X) sat- 
isfy 11/11^ = 1 = ll^ll^ and fg = 0, and WCM (X,K) is the subset of 
C{Xy of elements of the form aS^, where a G IK and x G X. 

The sequences (un) and (A„). We define, for each n G N, 

and 

A„ := [LJ2n-l,UJ2n+l) , 

It is clear that (A„) forms a partition of the interval [0, 1/4). 

The sequences (a;„) and (A„) will determine bounds in Sections H] 
and[5l 
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2. Main results I: How close. The general case 

In this section we give the best stabihty bound in the general case. 
This result is valid for every X in general, assuming no restrictions on 
cardinality (see Section [8] for the proof). 

Theorem 2.1. Let < e < 2/17, and let T e e - DP (X, F) wtth 
\\T\\ = 1. Then 




n WCM (X, Y) ^ 0. 



Remark 2.1. Theorem 12.11 is accurate in two ways. On the one hand, 
for every e G (0, 2/17), the above bound is sharp, as it can be seen in 
Example 19.61 On the other hand, we have that (0, 2/17) is the maximal 
interval we can get a meaningful answer in. Namely, if e > 2/17, then 
it may be the case that ||T — 5*11 > 1 for every weighted composition 
map S (Example 19. 3p . But, as it is explained in the comments after 
Definition 11.21 this is not a proper answer for the stability question. 

3. Main results II: How far. The case when X is infinite 

We study instability first when X is infinite. Our results depend on 
whether or not the space X admits an appropriate measure. 

Theorem 3.1. Let < e < 1/4. Suppose that Y has at least two 
points, and that X is infinite. Then for each t < 1, there exists T G 
e - DP (X, Y) with \\T\\ = 1 such that 

B (T, 2t^/e) n WCM (X, Y) = 0. 

Furthermore, if X admits an atomless regular Borel probability mea- 
sure, then T can be taken such that 

B (T, 2v^) n WCM (X, Y) = 0. 

We also see that the above bounds are sharp when considering some 
families of spaces Y. 

Theorem 3.2. Let < e < 1/4. Suppose that Y is the Stone- Cech 
compactification of a discrete space with at least two points, and that 
X is infinite. Let T E e — DP (X, Y) with ||T|| = 1. Then 

B (T, 2v^) n WCM (X, Y) ^ 0. 

Furthermore, if X does not admit an atomless regular Borel proba- 
bility measure and Y is finite (with caidY > 2), then 

B (T, 2v^) n WCM (X, Y) ^ 0. 



STABILITY AND INSTABILITY 



7 



The proofs of both results are given in Section [101 

Remark 3.1. The property of admitting an atomless regular Borel prob- 
ability (or, equivalently, complex and nontrivial) measure can be char- 
acterized in purely topological terms. A compact Hausdorff space ad- 
mits such a measure if and only if is scattered (see [Til Theorem 19.7.6]). 

4. Main results III: How far and how close. The case 

WHEN X is finite 

Next we study the case when X is finite. Here, the best instability 
bounds depend on the sequence (u;„), and the cardinality of Y does not 
play any role as long as it is at least 2. We define o'x '■ (0, 1/4) — > M, 
for every finite set X (recall that we are assuming cardX > 2). We 
put 

{'^\J ^'^n+'t ' '■~ cardX is odd and e < Un 
^ if n := cardX is odd and e > Un 
2("-i)v^ if 77, := cardX is even 
n 

Theorem 4.1. Let < e < 1/4. Assume that Y has at least two 
points, and that X is finite. Then there exists Tee — DP {X, Y) with 
\\T\\ = 1 such that 

B (T, o^(e)) n WCM (X, Y) = 0. 

The next result says that Theorem 14.11 provides a sharp bound, and 
gives a whole family of spaces Y for which the same one is a bound for 
stability as well. As we can see in Example 112. 1^ our requirement on 
these Y is not superfluous. 

Theorem 4.2. Let < e < 1/4. Suppose that Y is the Stone-Cech 
compactification of a discrete space with at least two points, and that 
X is finite. LetT ee-BP (X, Y) with \\T\\ = 1. Then 

5(T,o^(e))nWCM (x,r) ^0. 

The instability bounds are special when the space X is finite. In the 
following theorem we study the stability bounds in this particular case. 
Example 112.11 shows that the result is sharp. 

Theorem 4.3. Let < e < 1/4. Suppose that that X is finite, and let 
T ee-BP{X, Y) with \\T\\ = 1. Then 

B (T, 2v^) n WCM (X, Y) ^ 0. 

Theorems 14.11 and 14.21 are proved in Section [TTl and Theorem 14.31 in 
Section [121 
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5. Main results IV: The case of continuous linear 

FUNCTIONALS 

In some of the previous results, we assume that the space Y has at 
least two points. Of course the case when Y has just one point can 
be viewed as the study of continuous linear functionals. In this section 
we give the best stability and instability bounds in this case, and see 
that both bounds coincide. Here we do not require X to be finite, and 
Theorem 15.11 is valid both for X finite and infinite. Anyway, the result 
depends on the sequence (un) and its relation to the cardinal of X. 

We first introduce the map Ox '■ (0, 1/4) — > R as follows: For n G N 
and e G A„, 



We use this map to give a bound both for stability and instability 
(see Section [7] for the proof). 

Theorem 5.1. Let < e < 1/4. If ip e e-DP(X,K) and \\ip\\ = 1, 



On the other hand, there exists ^9 G e — DP(X, K) with \\ip\\ = 1 



Remark 5.1. Sometimes the information given by the number e is re- 
dundant, in that e is too "big" with respect to the cardinal of X. This 
happens for instance when X is a set of k points, where /c G N is odd. 
This is the reason why the definition of ox (and that of o'x) does not 
necessarily depend on e. 

6. The bounds 1/4 and 2/9 for continuous linear 

functionals 

We start with a lemma that will be broadly used. 

Lemma 6.1. Let < e < 1/4. Let Lp E e — DP (X, K) be positive with 
\\lp\\ = 1. If C is a Borel subset of X, then 




then 



B ((^, ox{e)) n WCM (X, K) ^ 0. 



such that 



B ((^, ox{e)) n WCM (X, K) = 0. 
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Proof. Suppose, contrary to what we claim, that there is a Borel subset 
C such that (l - /2 < A^(C) < (l + VT^^) /2. This im- 

phes that \^{C){1 — A^(C)) > e and, consequently, we can find 6 > 
with (A^(C) - - KiC) -S)>e. 

By the regularity of the measure, there exist two compact subsets, 
Ki and K2, such that Ki G C and K2 G X \ C and, furthermore, 
A^(iri) > A^(C) - 6 and A^(A'2) > 1 - A^(C) - 5. 

On the other hand, let us choose two disjoint open subsets U and V 
of X such that Ki (Z U and C By Urysohn's lemma, we can 
find two functions /i and /2 in C(X) such that < /i < 1, < /2 < 1, 
/i = 1 on i^i, /2 = 1 on K2, supp(/i) C U and supp(/2) C V. Clearly, 
/1/2 = and 

= f > Km 

Jx 

for i = 1,2. Besides, = ||/2||^ = 1. However, 

Mf\)\ Mf2)\ > iKiC) - 5)((1 - X^C) -6)>e, 

which contradicts the e-disjointness preserving property of (f, and we 
are done. □ 

If (p G C{Xy, then let us define 




for every / G C{X). 

Lemma 6.2. Given (f G C{Xy, \ip\ is a positive linear functional on 
C{X) with \\\(p\\\ = \\(p\\. Moreover, if e > and (f G e-DP(X, K), 
then G e — DP (X, K) and X\ip\ = \Xip\- 

Proof. The first part is apparent. As for the second part, using Lusin's 
Theorem (see [131 p. 55]), we can find a sequence (/c„) in C{X) such 
that 

d \X^\ = 0, 

and 1 1 /Cn 1 1 00 — -'- every n G N. This implies that, for all / G C{X), 

\<p\{f) = lini„ >oc'^ if kn), and we can easily deduce that \ip\ is e- 

disjointness preserving. It is also clear that A|<^| = |A<^|. □ 

Lemma 6.3. LetO <e< 1/4. Let ip G e-DP(X,K), \\(p\\ = 1. Then 
there exists x E X with 

\X^{{x}) \ > Vl^e. 



lim 

n >oo 



X 



dXy: 

d |A„ 
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Furthermore, if < e < 2/9, then there exists a unique x E X with 



1 + Vl-4e 
|A<^({x})| > . 

Proof. Let < e < 1/4. We prove the result first for positive func- 
tionals. Suppose tliat for every x E X, A;p({x}) < y/1 — 4e. For 
eacli X E X, take an open neigliborliood U{x) of x witli \^ {U{x)) < 
VI — 4e. Since X is compact, we can find Xi,X2, ■ ■ ■ ,Xn itl X sucli tliat 
X = U{xi)UU{x2)U- ■ -UUiXn). Let ri := A^([/(xi)), := A^(f/(xi)U 
U{x2)), ■ ■ ■ , rn := A<^(f/(xi)Uf/(x2)U - ■ ■Uf/(a;„)), and suppose witliout 
loss of generality that ri < r2 < ■ ■ ■ < r„ = L By Lemma 16.11 ri < 
(l — \/l — 4e) /2, and we can take max {i : rj < (l — \/l — 4e) /2}. 
We then see that ri,_^, belongs to ((l - ^1 - 4e) /2, (l + VI - 4e) /2), 
against Lemma EUl This proves the first part of the lemma for positive 
functionals. 

If if is not positive, then we use Lemma 16.21 and from the above 
paragraph we have that there exists x E X such that 



|A^({x})| = |A^|({x}) > VT^e. 

As for the second part, if follows immediately from Lemma 16.11 
and the fact that (l - VI - 4e) /2 < VI - 4e for < e < 2/9. Fi- 
nally, if there exist two different points Xi,X2 such that |A(p({xj})| > 
(1 + VT^) /2 {i = 1,2), then |A^| ({xi, X2}) > 1 + VT^ > 1, 
against our assumptions. This completes the proof. □ 

Lemma 6.4. LetO <e< 1/4. Let ip E e-DP(X,K), \\(p\\ = 1. Then 
there exists x E X with 

y - x^{{x})6^\\ < 1- vr^. 

Furthermore, if < e < 2/9, then there exists a unique x E X with 

II \ fj lu II ^ 1- v^l^ 
\\ip - \{{x})d^\\ < . 

Proof. It is easy to see that 

= + \\v - Ki{x})Sx\\ 

= \X^{{x})\ + \\ip - X^{{x})5x\\ , 
and the conclusion follows from Lemma 16.31 □ 
Corollary 6.5. Lei < e < 1/4. Suppose that (p Ee- DP (X, K) and 

2Ve < llv'll < 1- 
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-4e. 



Furthermore, if < e < 2/9 and A/9e/2 < \\ip\\ < 1, then there exists 
a unique x & X such that 



\(p - A^({x})4|| < 



Proof. Let < e < 1/4. It is apparent that (f/ \\(p\\ has norm 1 and is 

2 2 /~ 2 

e/ ||</9|| -disjointness preserving. Besides e/ ||(p|r < e/ (2Ve) = 1/4. 
Hence, by Lemma 16.41 there exists x E X with 



-X.{{x})5, 

\Lp\\ ll^ll 



< 1 



4e 



and we are done. The proof of the second part is similar. □ 

Corollary 6.6. Lei < e < 2/9. Suppose that G e - DP (X, K) and 

^y9e/2 < \\(p\\ < 1, and that x E X is the point given in Corollary \6.5[ 
Then 

^ - Ae < \ipif)\ 
whenever f G C{X) satisfies \ f{x)\ = 1 = H/Ho^. 

Proof Let / G C(X) be such that = 1 = ||/||^. By Corollary 

16.51 we have that 



ll^(/)|-|A,(W)||<|(^-A,({x})5.)(/)|< 
Hence, by applying Lemma [6.31 



m 



|(^|| -4e 



|^(/)| > |A^({x})| 



M - V'llv'f -4e 



> 



+ \/ — 4e llv^l 



Iv^ll -4e 



l^lr -4e. 



□ 
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7. The sequence (un) for continuous linear functionals 
Recall that we have defined, for each G N, 



UJr. 



Am? 



and 



The precise statement of the results in this section depends heavily 
on the number n such that e G A„, and on the cardinality of X . 

Suppose that X is a finite set of k elements, and that ip G C{X)' 
has norm 1. Then it is immediate that there exists a point x & X with 
|A^({x})| > 1/k. We next see that this result can be sharpened when k 
is even and (/? G e — DP (X, K), and also when X has "many" elements 
(being finite or infinite). 

Proposition 7.1. Let < e < 1/4. Suppose that X is a finite set of 
cardinal k G 2N. If if E e — DP (X, K) and \\ip\\ = 1, then there exists 
X E X such that 

1 + Vl-46 
|A<^({a;})| > . 



Proof. By Lemma \6.2\ we can assume without loss of generality that 
if is positive. Suppose that k = 2m, m G N. Notice that there cannot 
be m different points xi, . . . ,Xm & X with 



X^{{xi}) G 
for every z G {1, . 

X^{{xi, 



k 



m}, because otherwise 
1 



against Lemma 16.11 This implies that there exist at least m 
whose measure belongs to 



1 points 



0, 



1 - yi^le 
k 



u 



1 + 71^46 

k 



Suppose that at least m different points xi, . . . ,Xm E X satisfy A^({xi}) < 
(l - v^r^4i) /k. Then A<^({xi, . . . , Xm}) < (l - VT^^) /2, and 
consequently we have that X^{X \ {xi, . . . ,Xm}) > (l + Vl — 4e) /2. 
Since X \ {xi, . . . , Xm} has m points, this obviously implies that there 
exists X E X \ {xi, . . . ,Xm} with A^({x}) > (l + \/l — 4e) /k, and we 
are done. □ 
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Proposition 7.2. Let < e < 1/4, and let n & N be such that e G A„. 
Suppose that cardX > 2n. If ip E e — DP(X, K) and \\ip\\ = 1, then 
there exists x & X such that 

|A,({a:})| > . 

Proof. Let D := {x E X : |A^({x})| > 0}. It is clear that D is a 
countable set, and by Lemma [6.31 it is nonempty. Let M := {1, . . . , m} 
if the cardinal of i5 is m G N, and let M := N otherwise. It is obvious 
that we may assume that D = {xi : i G M} and that |A(p({xj+i})| < 
|A^({xi})| for every i. 



Next let 



and 



J:= |jGM:^|A^({x.})|<^| 



R:=J2\KiM)\ 



We have that R < 1/2, and by Lemma [6.11 applied to the functional 
associated to \X,p\, we get R < 1/2. Take any open subset U of X 
containing all Xi, z G J, such that |A<^| (f/) < 1/2, that is, |A^| (f/) < 
(l — — 4e) /2, and suppose that |A<^({x})| < \/l ~ Ae for every x ^ 
U. Then there exist open sets Ui, . . . ,Ui in X, I G N, such that X = 
U UUiU ■ ■ - UUi and |A^| (f/j) < \/l — 4e for every i. If we consider, for 

i G {1, . . . , /}, bi := |A^| (^U U Uj=i ^j)' then we see that there must 
be an index io with 

.■l-v^r^4i l + v^r^4i 



which goes against Lemma [6. II 

We deduce that there exists j G M, j ^ J, such that |A<^({xj})| > 
■\/l — 4e. By the way we have taken D, this implies that |A(^({xj})| > 
■\/l — 4e for every z G J, and obviously J must be finite, say J = 
{l,...,mo}. 

Let us see now that mg < n — 1. We have that, since e < ui2n+i, then 
Vl — 4e > 1/ (2n + 1), which implies that 

1 - v^r^4i 



n 



Vl -4e > 



14 



JESUS ARAUJO AND JUAN J. FONT 



Consequently, if rriQ > n, then we get 



mo 



R = ^|A^({x,})| 



i=l 



> nVl - 4e 



1 - vr^4e 

> 2 ' 

which is impossible, as we said above. We conclude that mo < n — 1. 
On the other hand, taking into account that 



mo+l 



i=l 

we have that 



(mo + 1) |A^({a;i})| > ^- , 



which implies that 



n|A^({xi})| > . 



As a consequence we get 

l + yi-Ae 
|A<^({xi})| > — , 

and we are done. □ 



Proof of Theorem \5.1[ Let us show the first part. By Propositions 17.11 
(see also comment before it) and l7.2l there exists x G X with |A(p({x})| > 
1 — Ox(e)- If we define ip := A<^({x})5^, then we are done. 

Let us now prove the second part. Suppose that e belongs to A„, 
n eN. It is clear that this fact implies that {2n — — 4e < 1. 

If cardX > 2n, then we can pick 2n distinct points xi,X2, ■ ■ ■ , X2n in 
X, and define the map ip G C{Xy as 

1 + ^ \ l-(2.n^l)Vr^ 

^ 2n 'J 2n 

It is easy to see that ip satisfies all the requirements. 

To study the cases when cardX < 2n, put X := {xi, . . . ,Xk}. 
Suppose first that k is even. Since {2n — — 4e < 1, we have 
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{k — 1)1/1 — 4e < 1. We can easily see that if we define the map cp as 

then we are done. 

Suppose finally that k is odd. It is clear that if we define 



then <y9 is a norm one element of C{Xy, and is a;fc-disjointness preserv- 
ing, which implies that it is e-disjointness preserving. It is also easy to 
see that Hy? — ^/'H > 1 — 1/A; for every weighted evaluation functional 
on C{X). □ 

8. How CLOSE. The general case: Proofs 

Let < e < 2/9, and let T : C{X) — > C{Y) be a norm one 
e-disjointness preserving operator. If we take any y G ^^y^^? then 

Ty/ ||Tj,|| is a norm one e/ ||Ty ||^-disjointness preserving operator with 

e e 2 

< 



NT- ||2 ^ 9e q" 

By Lemma [6131 there exists a unique Xy ^ X such that |ATj;({xy})| > 
||Tj,|| /2. Thus, we can define a map '■ ^y^T/^ — * ^5 such a way 

that \\Tyi{hTiy)})\ > \\Ty\\ /2 for each y e 

These fact can be summarized in the following lemma. 

Lemma 8.1. LetO <e< 2/9, andletT e e-DP (X, F) with \\T\\ = 1. 

if y e ^yiiT^' ih'^^ 



\Ty\\ + J \\Tyf - 4e 



Proposition 8.2. Let < e < 2/9, and let T e e - BP (X, F) with 
\\T\\ = 1. Then the map Ht is continuous. 

Proof. We will check the continuity of this map at every point. To this 
end, fix yo e ^.Vg^ U{hT{yo)) be an open neighborhood of 



hriyo)- We have to find an open neighborhood V^(|/o) of yo such that 
hT{V{yo)) C U{hT{yo)). 
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By regularity, there exists an open neighborhood U'{h'r{yo)) C U (/iT(2/o)) 
of /it(2/o) such that 



Hj{U'ihT{yo)))-\XTji{hTiyo)})< 



yo I 



4e 



wo 



Let /o G C{X) with < /o < 1, /o(/ir(yo)) = 1, and supp(/o) C 
U'{hT{yo)). 

We will now check that |(T/o)(?/o)| > To this end, we proceed 
as follows: 



l(T/o)(2/o)| 



fodX 



X 



yo 



yo 



yo 



> 



fodX 



{hriyo)} 



yo 



{hrivo)} JU'{hT{yo))\{hT{yo)} 

fod\XTy,\ 

> \MhT{yo))\ \XTjhT{{yo}))\ - \XtJ{U' {hriyo)) \ {hriyo)}) 
\\Tyo II + \/\\Tyj'-4e Jp]~^ 



U'{hT{yo))\{hT{yo)} 



> 



yo I 



4e 



and as a consequence, we see that 
l(T/o)(yo)|>%! 



> 



> Ve, 



as was to be checked. 
Let us now define 



Viyo) ■.= {yeY:\iTfo)iy)\>V~e}nY 



9e/2' 



We will check that, if yi G Viyo), then hriyi) G supp(/o). Assume, 
contrary to what we claim, that hxiyi) ^ supp(/o). Then there exist 
an open set Wihriyi)) and a function /i G C(X) such that supp(/i) fl 
supp(/o) = 0, < /i < 1, hihriyi)) = 1 and supp(/i) C U'ihriyi)) 
with 



ll^l 



yi I 



As above 
Hence, 



At,J (f/'(/iT(yi)) - |At,J ({/^T(yi)}) < 

\iTmy^)\>V~e. 
\\iTfi)iTfo)\L>\iTf,)iy,)\\iTfo)iy,)\>e, 



4e 
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which contradicts the e-disjointness preserving property of T. Summing 
up, hx is continuous. □ 

Lemma 8.3. LetQ < e < 2/9, andletT G e-DP {X,Y) with \\T\\ = 1. 
Ifte [0, 1] and y eY then 



\{Tf){y) - t{Tl){y)f{hr{y))\ < \\Ty\\ - t^J \\TX - 46 
for every f E C{X) with < 1. 

Proof. Let Ay := ^Ty{{hT{y)})ShTiy)- 1^ is easy to check that, since 
i>^Ty->^Ay){{hT{y)}) = 0, then ||Ty|| = \\Ty - Ay\\ + \\Ay\\. Furthermore, 
as by Lemma 18.11 



11^.11 > 

we deduce 



\Ty\\ + \/\\Tyf-4e 



\Tyf-4:e> \\Ty\\-2\\Ay\\. 
As a consequence, for / G C{X) with \\f\\^ < 1, we have 
\{Tf){y)-t{Tl){y)f{hT{y))\ < \Tyf-Ayf\ + \Ayf-tAyf\ + 

+ t\Ayf{h^))-Tyf{h^)) 

< ||T,-A,|| + (l-t)||A,||+t||T,-A,| 
= (l + t)(||T,||-P,||) + (l-t)P,|| 
= ||T,||+t(||T,||-2||A,||) 



< ||T,||-ty^||T,f -4e, 

and we are done. □ 

Lemma 8.4. LetO < e < 1/4. The function j : [2^6, 1] — > defined 
as 7(t) := t— Vt^ — Ae is strictly decreasing and bounded above by 2y/e. 

Proof of Theorem \2.1\ We fix 5q G ^0, ^{^ ~ A/l7e/2j j and, for each 
n G N, set 5n := 5o2"". Also we define := Y 0^+^ forn G NU{0}, 
which is nonempty for every n. 

We easily deduce from Corollary 16.61 that |(Tl)(y)| > A/9e/2 + 5„ 
for every n G N and y G clD„. Consequently each cl-D„ is contained 
in Y^j^^, so there exists a function a.„ G C{Y) such that < a„ < 1, 

an (cl-Dn) = 1 
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and 



supp(a„) C y 
Let us define a : Y — > K as 



9e • 



oo 

a. 

a : 



n=0 



2n+l 



It is clear that a is continuous, = 1, c(a) C Y^^^^, (Do) = 

1, and a > 1/2" on Dn for each n G N. Finally define a weighted 
composition map S as 

:=a(y)(Tl)(y)/(M2/)) 
for all / e C(X) and yeY. 

We will now check that 



ir-siK. 

2 



Fixany/eC(X) with = 1. 

Let us first study the case of y G F satisfying ||Tj,|| < ^9e/2. Since 
c(a) C ^y^^! in this case we have 

\{Tf){y)~{Sf){y)\ = \{Tf){y)\<^. 
Next, consider the remaining case 

V9^< \\Ty\\ < 1- ByLemmaES 

we know that 



|(T/)(y) - iSf)iy)\ < \\Ty\\ - aiy)^\\Tyf-Ae 
for every y eY 



/9e/2' 



We immediately deduce that \{Tf){y) — {Sf){y)\ < ^/l7e/2 for ev- 
ery y with \f^e[2 < \\Ty\\ < ^/l7e/2. On the other hand, for y G Dq, 
we have a{y) = 1, so 

\{Tf){y) - {Sf){y)\ < \\TJ - ^J\\Tyf-Ae < 2^e 
by Lemma [8 .41 

Finally, if ^/Vlej2 < \\Ty\\ < ^17e/2 + Sq, then there exists n G N 
such that y G D„\^n-i, that is, A/l7e/2 + (5„ < \\Ty\\ < A/l7e/2 + 5„_i. 
Let us see that 



(8.1) 5n^i<a{y)\/\\Tyf -Ae. 
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Clearly, since we have chosen 60 < y/e, we know that 



Also, by the definition of a, we have a{y) > 1/2", and the inequality 
18.11 follows. In this way we get 



\{Tf)iy)-iSf)iy)\ < \\T,\\-aiy)^\\T,f-4e 



< 



'17e 

We conclude that ||T — < ^/l7e/2, as was to be proved. □ 

9. How CLOSE. The general case: Examples 

In this section we first provide a sequence of examples of 2/9-disjointness 
preserving operators of norm 1 , and then give a related family of 2/ 1 7- 
disjointness preserving operators. This will lead to an example of a 
norm one 2/17-disjointness operator whose distance to every weighted 
composition map is at least 1. We use this to get an example, for 
each e G (0,2/17), of an element of e — DP {X,Y) whose distance to 
WCM {X, Y) is at least ^/l7e/2. This shows that the bound given 
in Theorem 12.11 is sharp. All the sets involved in these examples are 
contained in M.^. 

Example 9.1. A special sequence of 2/9-disjointness preserving 

operators of norm 1. 



For any two points A, B in M"^, let AB denote the segment joining 
them. Also, given four points A, B,C,D e M^ let WABCD denote the 
union of the segments AD, BD and CD. 

We will need some (closed) semilines, all contained in 2; = 0, and 
starting at the point (0,0,0). First Ia will be the semifine x > 0, 
y = 0. We now take two other semilines, namely 

Ib := rotl/^, — 

/ 27T 

Ic := rotl/B,y 

where for G C M'^ and 6 G [0,27r), rot(G, ^) denotes the set obtained 
by rotating counterclockwise G an angle 6 around the axis z. 
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Next consider the circles Si, S[ and S'{ centered at (0,0,0) with ra- 
dius 1,2, and 3, respectively, and contained in the plane z = 0. For 
E G {A,B,C}, we denote by £"0, E'q and Eq the points in the intersec- 
tion of Ie with 5*1, S[ and 5"^', respectively. 

Fix ^0 '■= 7r/6. For each n G N and E = A,B,C, we now define a 
new semifine as 

:= rot ^e, 27r - . 

We will use eacfi of tfiese semilines to obtain two new points. En and E'^, 
as tfie intersection of witfi 5*1 and 5*^, respectively. Tfiat is, if for x G 
and 6* G [0, 27r), we write rot(x, 6) meaning tfie point in rot({x} , 6), 
tfien En := rot(Eo,27r - 9o/n) and E'^ := rot(E^,27r - 9o/n), for 
E = A,B,C andne N. 

We put Dq := (0,0,0), and introduce two special points := 
(0,0, l/n^), := {0,0, for eacfi n G N. We also denote := 

Dq for all n G N. 

Given G N, we start by considering tfie sets := VAnBoCoDQ, 
Wl := yAoBnCoE'l, and := VAoBoCnD^ (for tfie case n = 1, see 
Figures [H [21 and[3l respectively). 




By tfie way we fiave taken all tfiese points, we see tfiat for every n, tfie 
intersection of two different consists of one of tfie points Aq, Bq, Cq. 
In tfie same way, for E = A, B,C, eacfi Eq belongs exactly to two sets 
Wl, and eacfi E^ belongs to just one of tfiem. Call Z„ := W^UW^UW^ 
(see Figure H] for tfie case n = 1). 

Consider next a new set Wq := VAoBoCqDo, and (see Figure [5]) 
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Figure 2. The set 




Figure 3. The set 




Figure 4. The set Zi 
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Figure 5. The set X, 




Also, for each n G N, define 




(see Figures E] and [7] for the case n = 1) 

Figure 6. The set Xi 




Our next step consists of introducing a hnear and continuous oper- 
ator Rn : C{Xn) — > C{Xq) for every n E N. Given any point y E Xq 
and / e C{Xn), the definition of Rnf at y will depend on whether or 
not y G Wq. 

To this end, for each i = 0, 1,2 and n G N, we will define a map 
hi -.Wo — > Wl Notice that, given y G Wq, there exist E G {A, B, C} 
and t G [0, 1] such that y = IEq. For such y, we put hl^iy) := -D" + 
t {Ey — -D"), where Ey = Eq or E^ (depending on whether Eq G W^^ 
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Figure 7. Projection of Xi on the plane z = 
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or En G W^)- It is immediate to see that /i^ is indeed a surjective 
homeomorphism. 

Suppose that / G C(X„), and that y G Wq. Then we define 

/(/^Uy)) + /(/^^(y)) + /(/^^(y)) _ 

3 

The definition of Rnf at points of Xq \ Wq will be given in a different 
way. To do so we fix a continuous map ( : [0, 1] — > [2/3, 1] such that 
C(0) = 2/3 and C(l) = 1- For E = A,B,C, given y G EqE'q, there 
exists t G [0, 1] such that y = Eq + t {E'q — Eq). For such point, we set 

{Rnf){y) ■■= at)f{y) + {l-C{t))f{En + t{E'^-En)). 

Finally, if y G E'qEq, then define 

(i?n/)(y) :=/(y). 

In particular we see that for every / G C(X„) and E = A,B,C, 
{Rnf){Eo) = 2/ (Eo) /3+/ {En) /3, = / (i^^), and (i2„/)(K) 

/TO- 

On the other hand, it is easy to check that Rn is linear and contin- 
uous, with \\Rn\\ = 1, and that it is 2/9-disjointness preserving. 

Example 9.2. A special sequence (T„) of 2/17-disjointness preserving 
operators of norm 1 . 

We follow the same notation as in Example 19. 1[ To construct the 
new examples take a continuous map 
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such that p (Wo U [jE^A,B,c EoE'oJ = S/VU and p {{Al C'^}) = 1. 
For each n E N define T„ : C{Xn) — > C{Xo) as T„/ := p ■ Rnf for 
every / G C(X„). 

Taking into account that Rn is 2/9-disjointness preserving, it is 
straightforward to see that each T„ is 2/17-disjointness preserving. On 
the other hand, it is immediate that it has norm 1. 

Unfortunately, it is possible to construct a weighted composition map 
Sn '■ C{Xn) — > C{Xq) whose distance to T„ is strictly less than 1. 
This can be done as follows. Pick any e > 0, and consider a„ G C{Xq), 
< fln < 1, such that a„ = 1 on p^^ ([S/vTf + e, l]) and = on 
p-' ({3/v^}). If we define : C{Xo) as (S'„/)(y) : = 

an(y)p(y)/(y) for every / G and y G Xq, then (5'„/)(y) = 

(T„/)(y)when2/Gp-i ([3/v^ + e,l]). Thus ||T„ - <3/VT7+e. 

Consequently, constructing an operator having the desired properties 
is more complicated. It will be done in the next example. 

Example 9.3. A 2/17-disjointness preserving operator of norm 1 whose 
distance to any weighted composition map is at least 1. 

We follow the notation given in Examples 19.11 and 19. 2[ Also, for 
n G N, we put w„ := (0, 0, 1/n), and define 

X := 



Y 



Related to the T„, we can introduce in a natural way new norm one 
2/17-disjointness preserving operators : C (w„ + X„) — > C (w„ + Xq) 
as follows. First, given z G M^, denote by the translation operator 
sending each x G to z + x. Then define Pn : C (w„ + Xn) — > 
C{Xn) as Pnf := / o rw„ for every / G C(w„ + X„), and Qn ■ 
C{Xq) — > C(w„ + Xo) as QnQ -=90 r_w„ for every g G C {Xq). 
Finally put T;^ := (5„ o T„ o P„. 

Next we give a 2/17-disjointness preserving linear and continuous 
operator T : C{X) — > C{Y) of norm 1. In the process of definition, 
as well as in the rest of this example, the restrictions of functions 
/ G C{X) to subspaces of X will be also denoted by /. Take any 
/ G C{X). If y G Xo, then we define 

(r/)(y):=p(y)/(y). 
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Also, for n e N and y G Xq, we put 

(T/)(-w„+y) := Q + ^) /(-W2„+y)-Q - ^) /(-W2„_i+y), 
and 

(T/)(w„ + y) :=(T:/) (w„ + y). 

It is easy to check that ||T|| = 1, and we can use the fact that < 
(1 — p(z)^) /4 < 2/17 for all z, and that each is 2/17-disjointness 
preserving to show that T is 2/17-disjointness preserving. 

We are going to prove that if 5* : C{X) — > C{Y) is a weighted 
composition map, then ||T — 5*11 > 1. We suppose that this is not true, 
so there exist a E C {Y) and a continuous map h : c(a) — > X such that 
S f = a ■ f o h and ||T — S\\ < 1. We will see that this is not possible. 

Claim 9.4. The following hold: 

(1) XoU(U:Li-w„ + Xo) Cc(a), 

(2) Given n eN and y G Xq, h (— w.„ + y) = — W2„ + y. 

(3) Given n e N and E = A, B,C . h (w„ + Eq) = w„ + Eq. 

(4) h{y) = y for every y G Xq. 

Proof. Suppose first that there exist n G N and y G Xq with — w„ + y ^ 
c(a). Consider 

/o := ^-w2„+Xo - ^-w2„-i+Xo e C(X). 

By definition, it is clear that (T/o)(— w„ + y) = 1. Also ||/o||oo = 1 
and (5'/o)(-w„ + y) = 0. This gives \\Tfo- Sfo\\^ = 1, against our 
assumptions. 

On the other hand, exactly the same contradiction is reached if we 
assume that h (— w„ + y) ^ {— W2n-i + y, —W2n + y} for some n E N 
and y G Xq. Namely we take go G C(X) with Hf/olloo ~ ^^^^^ 
that go ({-W2n-i + y, -W2„, + y}) = 1 and go {h (-w„ + y)) = 0. It is 
clear that if we take fo as above, and define /i := fogo, then = 
1 and \\Tfi — Sfi\\^ = 1, which is impossible. Of course, working 
now with ,^_w2„+Xo) we deduce that h (— w„ + E^) = — W2„ + Eq for 
E = A,B,C, which implies, since h (— w„ + Xq) is connected, that 
h (— w„ + y) = — W2„ + y for every y G Xq and n G N. This proves 
([2]). The proof of is similar. 

Suppose next that there is a point y G Xq with y ^ c(a). Fix any 
6 > 0. Then there exists a neighborhoof f/ of y such that |a(z)| < 6 for 
every z E U. In particular we can select z E U D (— w„ + Xq) for some 
n G N. Take fo as above, which satisfies (T/o)(z) = 1. Consequently, 
|(^/o)(z)| < |a(z)| < (5and |(T/o)(z) - (^/o)(z)| > 1-6. We conclude 
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again that ||T — SH = 1, against our assumptions. This shows that 
Xq C c(a). 

Finally, since h is continuous, we deduce that h{y) = y for every 
yeXo. □ 

By Claim [9^ we have that there exists uq such that w„ + Xo C 
c(a) for every n > uq. Now, since Xq is connected, we deduce in 
particular that for each n > uq, h{wn + Xq) is contained in w„ + 

If we now set F := {(x, y, z) E M.^ : x"^ + y'^ < 1/2}, we see that there 
is an open ball B{Do,r) of center Dq and radius r G (0, 1) such that 
B{DQ,r) C c(a) and h{B{Do,r)) C F. Let rii G N, ni > no, such that 
B{Dq, r) n (w„ + Xq) 7^ for every n > rii. 

We clearly have that if we fix any n > ni, then 

h {B{Dq, r) n (w„ + Xo)) C F n (w„ + x„) . 

On the other hand, B{Dq, r) fl (w„ + Xq) is connected, and so must be 
its image by h. Since F fl (w„ + X„) has three connected components, 
each containing a different point w„ + D", z = 0, 1,2, then we have 
that h {B{DQ,r) fl (w„ + Xo)) contains at most one point w„ + D^, 
i = 0,1,2. 

Claim 9.5. The set of integers n > ni satisfying 

card {i:wn + A" G /i (w„ + Xq) , z = 0, 1, 2} > 2 

is finite. 

Proof. Suppose on the contrary that this set is infinite. By the com- 
ments above we deduce that there is an infinite subset M of N such 
that, if n G M, then there exists s„ G w„ + Xq, s„ ^ B{DQ,r), and 
h (s„) G {w„ + : z = 0, 1, 2}. Since Y is compact, there is an ac- 
cumulation point s of {s„ : n G M} in Xq, which necessarily satisfies 
||s|| > r. By continuity we must have h{s) = Dq, and since s G Xq, 
then we also have h{s) = s, which is impossible. □ 

To finish, we use Claim 19.51 and take an integer n > ni such that 
there is at most one i G {0, 1, 2} with w„ + D" G h (w„ + Xq). Suppose 
for instance that i ^ 1,2 (the other cases are similar). By Claim [9^4l!3| l. 
h {wn + Eq) = Wn + EQ, for E = A,B, C. so the image by h of the sub- 
set w„+ {DqA'^ U L'oCo) is a connected subset of w„ + (X„ \ {D'l, D^}) 
joining w.„ + Aq and w„ + Cq. We easily see that this is impossible. 

Example 9.6. An example showing that the bound given in Theorem \2.1\ 
is sharp. 
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Let < e < 2/17. We claim that there exists a norm one e- 
disjointness preserving operator T' such that ||T' — 5"|| > -\/l7e/2 for 
every weighted composition map S' . 

Let 




and let X, F, and T be as in the previous example. We need a point not 
belonging to X U F, for instance (4, 0, 0). If we consider the sets X' : = 
X U {(4, 0, 0)} and Y' := Y \J {(4, 0, 0)}, then we define a linear map 
T : C{X') — ^ C{Y') such that, for every / e C(X'), (T7)(4,0,0) : = 
/(4,0,0) and, for all y e {T' f){y) := 7(r/.)(y), where is the 
restriction of / to X. 

Since T is a 2/17-disjointness preserving, then T' is 27^/17-disjointness 
preserving, which is to say e-disjointness preserving. 

Let S' : C{X') — > C{Y') be a weighted composition map with 
associated maps a' E C{Y') and h' : Y' — ^ X' (continuous on c(a')). 
It is easy to see that the set A := c(a') fl h'~^ (X) is closed and open 
in c(a'), and that the restriction to Y of a'C,A (denoted by a) belongs 
to C{Y). Also, if we fix G X and define h : Y — > X as /i(?/) : = 
h'{y) for every |/ G c(a), and /z(|/) := Xo for y E Y \ c(a), then /i is 
continuous on c(a). Next we consider the weighted composition map 
S : C(X) — > C{Y) given as Sf := a - f o h for all / G C(X). By 
Example 19.31 we have that, for every d > 0, there exists fs G C{X) 
with ll/ill^ = 1 and ||(7T - S) (Z^)]!^ > 7 - ^- It is now apparent 
that, if gs G C(X') is an extension of fs such that gs{4:, 0, 0) = 0, then 
\\(S'-T')igs)\L>l-6. Therefore 

lis'-r,|,-,^;f. 

10. How FAR. The case when X is infinite 

In this section we consider the case when X is infinite, and prove 
Theorems 13.11 and 13.21 The proof that Theorem 13.21 is not valid for 
general Y can obviously be seen in Example 19.61 but also in Exam- 
ple 112.21 The finite case is special, and we leave it for the next section. 

Proof of Theorem \3.1[ For 5 > 0, let us choose a regular Borel proba- 
bility measure yU on X such /i({x}) < 6/2 for every x G X. 

Next, fix yo,yi in Y and xq G X. After choosing two disjoint neigh- 
borhoods, U^yo) and U{yi), of yo and yi, respectively, we define two 
continuous functions, a : Y — >• [0, 2y/e\ and P : Y — >• [0, 1], with the 
following properties: 
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• supp(a) C U{yo} 

• PiVi) = 1 

• supp(/3) C U{yi) 

Next, for each y we define two continuous linear functionals on 
C{X) as follows: 

Gyif) = a{y) / fdfx 



Jx 

By using these functionals we can now introduce a linear map T : 
C{X) CiY) such that {Tf){y) = Fy{f) + Gy{f) for every / e 
C{X). 

Let us first check that ||T|| = 1. To this end, it is apparent that 
(Tl)(|/i) = Fy^{l) + Gy^{l) = 1 + = 1. Consequently, ||r|| > 1. On 
the other hand, it is easy to see that if / G C{X) satisfies \\f\\^ = 1, 
then \{T f){y)\ < 1 for every y Hence, ||T|| = 1. 

The next step consists of checking that T is e-disjointness preserving. 
Let f,ge C{X) with ||/||^ = \\g\\^ = 1 and such that c{f)nc{g) = 0. 
It is easy to see that (Tf){y)(Tg){y) = whenever y ^ U{yo). On the 
other hand, if y e U{yo), then \{Tf){y){Tg)iy)\ = \Gy{g)\. It 

is clear that there exist two unimodular scalars ai,a2 G K such that 
aiGyif) = \Gy{f)\ and a2Gy{g) = \Gy{g)\. Since \\aif + a2g\\^ = 1, 
then 

\Gyif)\ + \Gyig)\ = GyiaJ + a^g) 

= a{y) / {aif + a2g)dfi 
Jx 

Consequently, \Gy{f) \ \Gy{g)\ < a{yY/4:. Indeed, 

\{Tf){y){Tg){y)\ = \Gy{g)\ < ^ < IMl! = , 

Finally, we will see that ||T — 5*11 > 2y/e{l — S) for every weighted 
composition map S : C{X) — > C{Y). 

Let S G WCM{X,Y), and let h : c{Sl) — ^ X be its associated 
map. It is clear that, if (^l)(yo) = 0, then ||T - S|| = \{T - S){l){yo)\\ = 
2y/e, so we may assume that yo belongs to c{Sl). By the regularity of 
the measure /i, there exists an open neighborhood U of h{yo) such that 
fi{U) < 5. Let us select / G C{X) satisfying < / < 1, f {h{yo)) = 0, 
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and/ = lonX\f/. Obviously (^/)(yo) = and |(r/)(yo)| = \GyM)\- 
Hence 

IIT-5II > |(r/)(yo)| 

> a(yo) / fdfi 

Jx\u 

> 2v^(l-5). 

This proves the first part. The second part is immediate because, 
since the measure can be taken atomless, then 6 is as small as wanted. 

□ 

Proof of Theorem \3.2[ We are assuming that there exists a discrete 
space Z such that Y = (3Z. Of course Y may be finite (that is, Y = Z), 
and this is necessarily the case when we consider the second part of the 
theorem. Let Zq := Z fl ^2^^, which is a nonempty closed and open 
subset of Z, and 

Zi:= {z e Z\Zo: 3x, E Xwith |At,({xJ)| > 0}. 

Fix any xq E X. By Lemma 16.31 we can define a map h : Z — > X 

such that |At^({/i(2;)})| > ^J'^^\^'^-Ae for every z E Zq, and such that 

h{z) := Xz for z E Zi, and h{z) := xq for z ^ ZqU Z\. Also, since Z 
is discrete, then h is continuous, and consequently it can be extended 
to a continuous map from F to X (when Y ^ Z\ We will denote this 
extension also by h. 

Define a : Z — > K as a(z) := \T.{\h{AY) if -2 £ ^oU^i, and a(z) : = 
otherwise, and extend it to a continuous function, also called a, 
defined on Y . Then consider S : C{X) — > C'(F) defined as {Sf){y) : = 
a{y) f {h{y)) for every / G C(X) and y eY. 

Let us check that ||r - S\\ < 2^. Take / E C{X) with ||/||^ < 1. 
First, suppose that z E Z \ {Zq U Zi). Then {Sf){z) = 0, so 

|(T/)(.)-(5/)(.)| = |(r/)(.)|<2v/F. 

Now, if 2 G Zi, then \\Tz\\ < 2-\/e and, as in the proof of Lemma 16^ 

\{Tf){z) - {Sf){z)\ < \\Tz\\ - \XtA{Hz)})\ < 2V~e. 

On the other hand, if 2 G Zq, we know by Corollary 16.51 that 

\iTf){z) - iSf){z)\ < \\Tz\\ - v/||r,f -4e. 

By Lemma [Hill we have \{Tf){z) — {Sf){z)\ < 2y/e for every z E Zq. 
By continuity, we see that the same bound applies to every point in Y, 
and the first part is proved. 
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Finally, in the second case, that is, when X does not admit an 
atomless regular Borel probability measure and Y is finite, we have 
that Y = Z, and that Z \ {Zq U Zi) consists of those points satisfying 
llTj-ll =0. The conclusion is then easy. □ 

11. The CASE when X is finite. How far 

In this section we prove Theorems 14.11 and 14.21 The fact that Theo- 
rem Undoes not hold for arbitrary Y (with more than one point) can 
be seen in next section (see Example 112. ip . 

Proof of Theorem \4.1\ We first prove the result when n is odd. We 



follow the same ideas and notation as in the proof of Theorem 13. H 
with some differences. Namely, we directly take /i({x}) = 1/n for 
every a; G X, and use a new function 

2ny/e 



a : Y 
such that 



0, min 



a{yo) = min 



and supp(a) C U{yo). Notice that a{yo) = 2ny/e/\^n'^ — 1 if e < cj^ 
and a{yo) = 1 otherwise. 

Clearly ||T|| = 1, and using the fact that 

(n-l)(n + l) fl(n-l) 
^ ' max <^ ^ ' -.QKKn 



Am? \ 

we easily see that T is e-disjointness preserving both ii e < ujn and if 
e > uJn- On the other hand, by the definition of the measure, reason- 
ing as in the proof of Theorem 13. Ij we easily check that ||T — > 
(1 — 1/n) aiyo) for every weighted composition S. 

Finally, we follow the above pattern to prove the result when n is 
even. In particular we also take /i({x}) = 1/n for every x G X, and use 
a function a : Y — > [0,2^?] with aiyo) = 2y/e and supp(a) C U{yo). 
The rest of the proof follows as above. □ 

Proof of Theorem \4.2\ Let Z he a. discrete space with Y = f3Z. Since 
X has n points, say X := {xi, . . . , Xn}, we have that, for each z & Z, 
Tz is of the form := XlILi^l^^^i' some G K, i = l,...,n. 
Consequently, for each z ^ Z, we can choose a point G X such that 
\^tA{^z})\ > |Ar,({a;})| for every x e X, which yields \\tA{^z})\ > 
\\Tz\\ /n. This allows us to define a map h : Z — > X as h{z) := Xz for 
every z & Z. Since h is continuous we can extend it to a continuous 
function defined on the whole Y, which we also call h. 
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Following a similar process as in the proof of Theorem 13.21 define 
a : Z — > IK as := A^^ and extend it to a continuous 

function defined on F, also denoted by a. Now, define S : CiX) — > 
C{Y) as := a{y)j{h{y)) for every / G C{X) and y G F. 

Fix any / G C(X), < 1, and z ^ Z. It is then easy to 

check that |(T/)(2;) — (5'/)(2;)| < [n — \) HT^H /ra . Consequently, if 
ll^zll ^ 2-^6, we have 

lir) — 1 

|(T/)(.) - < ^— ^v^ < 0'^(6). 



Let us now study the case when HT^H > 2-\/e. First, we know from 

Corollary ES that |(T/)(^) - < ||T,|| - y^||r^f -4e. Next, 

we split the proof into two cases. 

• Case 1. Suppose that n is odd. We see that to finish the proof 
it is enough to show that 



min I^IIT^II - \J \\T^\\^ - 4e, ^^—^ \\TzVj < Ox(e) 

whenever \\Tz\\ > 1\f^. To do this, we consider the functions 
7, 5 : [2-\/e, 1] — > M defined respectively as 7(t) := t — a/^^ — 4e, 
and := [n — l)t/n for every t G p-^/e, 1]. We have that 7 
is decreasing (see Lemma 18. 4p and 5 is increasing on the whole 
interval of definition. 

Now, if e < ujn, then for to '■= \f^T^n G [2-\/e, 1], we have 
7(^0) = ^(^o)- This common value turns out to be (5(to) = 
2-\/ {n — l)e/ (ra + 1), that is, it is equal to o^(e), and we get 
that |(T/)(^) - < o';^(e) for every z G Z. 

On the other hand, if e > then 5(1) < 7(1), so 5(t) < 7(t) 
for every t G [2v/i, 1], and \{Tf){z) - (^/)(^)| < 5(1) for every 
z E Z. Since 5(1) = {n — l)/n = o^(e), we obtain the desired 
inequality also in this case. 

Case 2. Suppose that n is even. By Proposition I7.H we get 



that \XtA{Hz)})\ > \\Tz\\ + VI|T,r - 4e n, so 



\{Tf){z)-{Sf){z)\<\\n\\- 



n 
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Consequently, to finish the proof in this case we just need to 
show that 



min IIT, 



|T,r-4e,||T,|| - 



n 



n 



Let f] : [2^6, 1] 



be defined as 



r/(t) := t 



n 



for every t G [2^/e, 1], and consider also the function 7 defined 
above. Clearly, when n = 2 we have 77 = 7/2, and the above 
inequality follows from Lemma [8 .41 So we assume that n 7^ 2. 



We easily see that ■r]{t) < 7(t) whenever t G 2^/e, ejun-i 



and that 77 is decreasing in 2-^6, y e/cj^^i (t < 1). We deduce 
that 



mm 



(7W,r/(t))<r/(2v^) 



2(n-l)v^ 



n 



whenever 2y^ < t < 1, as it was to be seen. 
By denseness of Z in F, we conclude that ||T — 5*11 < o'^(e). 



□ 



12. The case when X is finite. How close 

In this section we start proving Theorem l4.3l and then we give an ex- 
ample showing that the bound given in it is in fact sharp. Of course this 
implies in particular that Theorem 14.21 does not hold for Y arbitrary, 
and consequently that the bounds for instability given in Theorem 14.11 
are not bounds for stability. 

At the end of the section we provide an example which shows that 
Theorem 14.31 is not valid in general for X infinite, even in the simplest 
case, that is, when X is is a countable set with just one accumulation 
point. We see not only that 2^ is not a bound for stability, but 
that every bound for stability must be bigger than A/8e. This shows a 
dramatic passage from finite to infinite. 

Proof of Theorem \4.3[ We assume that X = {xi, . . . , a;„,}. It is easy to 
see that ||Ty|| = \ {'^^{xi}) {y)\ ^^r every y G Y, and consequently 

the map from F to K given by y t-^ ||Tj^|| is continuous. 
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For each set C C X, we consider Ac := Ec H (f^^^^E'^), where 
Ec ■■= |yeF2Vi:|ATj(C)>S} 

= <y^y2v-e-2^\[T^M)iy)\> 

and 

Ec {!/eiV:|^T.|(C\W)<EJlj 

t ^6C\{n} J 

By Lemma EH we know that Eq coincides with the set of all y G 
satisfying |Atj^| (C) > \\Ty\\ /2, that is, 

n 

and consequently is both open and closed as a subset of ¥2^. In the 
same way, each E^ is also open and closed in ¥2^, and so is Ac- 
Notice that again by Lemma 16. ![ if y E Ac, then \\Ty \ (C) > 

I^WTyW + ^\\Tyf-Ae^ /2, and \\t,\ (C \ {u}) < (^\\Ty\\ - ^ \\Tyf - Ae^ 

for every u e C. We conclude that | A^^ | ({n}) > ^J\\Tyf -Ae for every 
ueC. 

On the other hand, it is clear that each element y G belongs to 
some Ac, so we can make a finite partition of ¥2^ by open and closed 
sets Bi, . . . ,Bm, where each Bi C Ac for some set C. This implies 
that, for each i = 1, . . . , m, there exists a point Ui E X such that 

|ATy({^ii})| > \J \\Ty\\^ — 4e for every y G B^. This allows us to define 
a continuous map h : ¥2^ — > X as h{y) := for every y G -Bj. Also 
take any map b : Y — > IK such that b(?/) = Atj^({/i(?/)}) whenever 
?/ G ^2v^! which is continuous on ¥2^- 

We next follow a process similar to that seen in the proof of Theo- 
rem 12.11 with some necessary modifications. In particular we use the 
map a G C{Y) given as 

V ll^ill + 
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for y G ^2v^! and constantly as on y \ F2^, and define a weighted 
composition map 5* as 

{Sf){y) ■.= a{y)h{y)f{h{y)) 

for all / G C{X) and y^Y. 

Now, for y G ^2^, put := h{y)5h{y)- It is easy to check that 
||Ty|| = \\Ty — Ay\\ + II Ay II, and that, for t G [0, 1] and / G C{X) with 

\{Tf){y)-th{y)f{h{y))\ < \Tyf-Ayf\ + \Ayf-tAyf\ 

< ||T,-A,|| + (l-t)P,|| 

~ ll^yll ~ ^ ll^yll 



< ||T,||-ty^||T,f -4e, 

This allows us to use the same arguments as in the proof of Theo- 
rem [2lll and show that ||r — 5*11 < 2^/e. □ 

Example 12.1. An example showing that the hound given in Theo- 
rem \4 ■ 3\ is sharp. 

Let Y := [—1,1] and e G (0,1/4). Take two continuous and even 
functions a : [-1,1] — ^ [2^^, 1] and f3 : [-1,1] — ^ [1,1/^1 -4e], 
both increasing in [0,1], such that a{0) = 2-^, a (1) = 1, /3(0) = 1, 
and (3{1) = — 4e. Taking into account that x ^ xj \Jx'^ — 4e is 

decreasing for x > 2-^6, we see that p{t)^a^{t) -4e < a{t) for every 
t G [-1,1]. 

Now pick two points A,BeX (recall that we are assuming that X 
has at least two points), and consider T : C{X) — > C{Y) such that, 
for every / G C{X), 

^^^^(^^ ^ a(t) + sgn(t)/3(t)v/a(t)2-4e ^^^^^ 



a{t)-sgn{t)(3{t)^a{ty-4e 
+ ^ fiB) 

for every t G [— 1, 1], where sgn denotes the usual sign function. 

It is clear that T is e-disjointness preserving and has norm 1. Also, 
since (Tl) (±1) = 1, it is easily seen that if a weighted composition map 
S = a - f oh is at distance less than 2^/e from T, then 1, —1 G c(a). On 
the other hand, if we suppose that h{l) ^ A, then we take /q G C{X) 
with fo{A) = 1 = ||/o||oo5 /o(/i(l)) = = /(-B), and we see that 

\{T - Sm{l)\ = 1 > 2yre. 
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We deduce that, as \\T — S\\ < 2y/e, then h{l) = A, and in a similar 
way h{—l) = B. Since Y is connected and h : c(a) — > X is continuous, 
we conclude that there is a point E Y such that to ^ c(a), that 
is, {Sf)(to) = for every / G C{X). Then it is easy to see that 
>«(to) >2^. 
Notice that the above process is also valid if X is infinite. 

Example 12.2. For X = NU{oo} and any e G (0, 1/8), an e-disjointness 
preserving operator of norm 1 whose distance to any weighted compo- 
sition map is at least ^/Se. 

Given r > 0, we denote by C(r) the circle with center and radius 
r in the complex plane. We take a strictly decreasing sequence (r„) in 
M converging to and the interval [— ri, 0], and define F C C as 

oo 

Y:= [-ri,0]U |JC(r„). 

n=l 

We also take X := N U {oo}. 
Next let 

1 V2 
^°^=2- J' 

and consider a continuous map a : C{rn) — > [0,7ro] such that 

i^f'n) = and a (r„) = ttq for every n G N. 
Next, for each / G C{X) and n G N, we define, for z G C(r„), 

iTf){z) := (a(2) + V2/2) f{2n) - a{z)f{2n - 1). 

On the other hand, if n G N and z G (— r^, — r„+i), then it is of the 
form 

z = - {trn + (1 - t)rn+i) , 
where t belongs to the open interval (0, 1). In this case, we define 

{Tf){z) := t(r/)(-r„) + (l-t)(T/)(-r„+i) 
= y^[tf{2n) + {l-t)f{2n + 2)]. 



Finally we put 



(Tfm := ^/(oo). 



It is apparent that T : C{X) — > C(Y) is linear and continuous, 
with ||T|| = 1. Furthermore it is easy to see that if /, (7 G C{X) satisfy 
ll/IL = 1 = ML and fg = 0, then \{Tf){z){Tg){z)\ < 1/8 for every 
z eY, that is, T is 1/8-disjointness preserving. 
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We will now check that we cannot find a weighted composition map 
"near" T. Namely, if S : C{X) — > C(X) denotes a weighted compo- 
sition map, then we claim that \\S — T\\ > 1. 

Let D := c{Sl), and consider the continuous map h : D — > X given 
by S. If Vn ^ D for some n G N, then we take /„ := ^{2n} — ^{2n-i}- It is 
clear that H/nlL = 1' (^/«)(^n) = 1 and, as r„ ^ D, then (S'/„)(r„) = 
0. As a consequence US' — T|| > 1. It is also easy to see that we obtain 
the same conclusion if /i(r„) ^ {2n, 2n — 1}. 

On the other hand, if we suppose that ^ D, then (5*1) (0) = 0. 
Therefore, given any 6 > 0, there exists a neighborhood f/ of in 
Y such that |(S'1)(2;)| < 6 for all z E U. Choose now r„ G U, and 
let /„ be as above. It is apparent that either (1 — fn){h{rn)) = or 
(1 + fn){h{rn)) = 0, which implies that (S'l)(r„) - (5'/„)(r„) = or 
{Sl){rn) + {Sfn){rn) = 0. Consequently, |(5/„)(r„)| = |(51)(r„)| < 6 
and, as in the previous cases, we easily deduce that US' — T|| > 1—6. 
Therefore \\S — T\\ > 1. 

Finally, we will see that we cannot have G -D and /i(r„) G {2n, 2n — 
1} for every n G N. Otherwise, as D is open, there exists s > 
such that -5(0, s) (lY G D. Also h is continuous and -8(0, s) fl F is 
connected, so h (-8(0, s) fl Y) is constant. This is obviously impossible 
by our assumptions on h{rn). This contradiction shows that this case 
does not hold. Hence, we have \\S — T\\ > 1. 

Let < e < 1/8. We are going to construct a norm one e-disjointness 
preserving map T' such that, for all weighted composition map S', 
\\T' -S'W > VSe. Let 

7:= Vsi, 

and let X' := X U {0} and Y' := Y U {2ri} C C. Define a linear 
map r : C{X') — ^ C(Y') as {T'f){2n) := /(O) and, for all z eY, 
{T' f){z) := ■y(Tfr){z), where fr is the restriction of / to X. 

Since T is a 1/8-disjointness preserving and e = 7^/8, then T' is 
e-disjointness preserving. The conclusion follows as in Example 19.61 
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